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THE INTERNATIONAL FESTIVAL OF MATHEMATICS AND COMPUTER SCIENCE

MATHEMATICS COMPETITION - INDIVIDUAL
10th Grade
Subject I

Consider[image: image2.png]neN®



and[image: image4.png]M = {(a.b)a + bi)*" = (b + ai)*".a,b € R




.

Show that there is[image: image6.png]


 so that the set[image: image8.png]


 contains exactly  2012 elements.

                                                                                                        (***)

Solution:

For a [image: image10.png]neN®



, fixed, determining the set M. 

From [image: image12.png]


, deci [image: image14.png]


 …….. 2p

Considering a=cost, b=sint, [image: image16.png]


. ………………………. 1p

It follows [image: image18.png](cost + isint)™ = (m G- t): +isin (7~ ‘):)m



, from where: 

[image: image20.png]costent) = cos (5 - t)-4n]



 and [image: image22.png]sin@nt) = sin[(C — t)- 4]



. ……………. 1p

So [image: image24.png]


, [image: image26.png]keZ



. 

Results t=[image: image28.png]- (n+k)



. As [image: image30.png]


, it follows:  [image: image32.png]ke{-n+1,-n+2,

1,.,2n—1}



.

So M are 3n-1 elements. …………………………….2p

3n-1=2012, from which n=671. ……………………………….1p

Subject II
Solve the equation:

[image: image34.png]10912 (VI + 27 + 1x1)] - [log ez (1 + 121)




where [image: image36.png]


 is a real parameter, and [t] is the integer part of  t.

                                                                                                                Prof. Ștefan Gavril

Solution:

So that the basis of the logarithms is not 1, it is imposed the condition [image: image38.png]x€R"



. ………….1p

We notice that for every [image: image40.png]eR"



, it results that :[image: image42.png]1+kxl=1



și [image: image44.png]Ji+x3+x]=1



. …………….. 1p

We get: [image: image46.png]1
T+ =t>0
10910py (VT 37 +1xl) = I p———e



. ……………….. 2p

We cannot have t = 1, as x ≠0, and then[image: image48.png]te(0,1)



or[image: image50.png]Le(01)



, so[image: image52.png][1]




 or[image: image54.png]


….2p

In conclusion, the given equation does not have solution if [image: image56.png]aeR"



,and for a=0, the set of solutions is [image: image58.png]


…. 1p

Subject III
Solve the equation [image: image60.png]3
[arcsinx] + [arccosx] + [arctgx] = = - arcctgy®



 .

Prof. Aurel Doboșan

Solution:
The conditions of existence of functions impose [image: image62.png]x € [0,1]



. …………………..1p

[image: image64.png]aresin: [-1,1]1 —



 is strictly increasing 

[image: image66.png]arccos:[-1,1]1 — [0, 7]



 is strictly decreasing
[image: image68.png]T
arctg:R - (—.2)



is strictly increasing ………………………..1p

[image: image69.png]0= x < sinl

x € [0,1] » arcsin0 < arcsinx < arcsinl = [arcsinx] {D -
011 L 1 1,sint<x<1





 
[image: image70.png]0= x < cosl
) cosl < x <1

= arccos0 = arccosx > arccos1 = larccosx]




       [image: image72.png]> arctg0 < arctgx < arctgl = ’;': larctgx]=0



 ……………………..2p

Because [image: image74.png]*l =

<1<l

1A



 avem: [image: image76.png]vz

0 < cosl< sinl <1.




 ………………………..1p

We distinguish the following cases:
1. [image: image78.png]x e0.cos1] > 1= - arcctgyx = arcctgVx

e



=[image: image80.png]T 1
2= x = €el0,cos1]



.
2. [image: image82.png]x € (cos1,sin1) > 0 arcctgyx = x = — € (cos1, sin1)



.
3. [image: image84.png]1
v elsin11]= 1 == arcctgy¥ = x = e [sin1,1]

e



.
So the only solution is [image: image86.png]


. …………………………………..2p
Subject IV 

Considering M a point in the middle of an equilateral triangle ABC with side 1. Show that:

MA[image: image87.png]


MB+ MB[image: image88.png]


MC+MC[image: image89.png]


MA[image: image90.png]


1.




(***)

Solution:

We note: MA=x, MB=y, MC=z, α=m(BMC), β=m(CMA), γ=m(AMB). ……………………………1p

The relation from the statement becomes:

(x+y+z)(xy+xz+yz) [image: image92.png]


 x+y+z, which is equivalent with:
x(y2+z2)+ y(x2+z2)+ z(y2+x2)+3xyz[image: image94.png]


 x+y+z, meaning:

[image: image96.png]


+[image: image98.png]


.

We obtain: cosα+cosβ+cosγ[image: image100.png]


. ………………………3p

We have: cosα+cosβ+cosγ[image: image102.png]



[image: image104.png]


=[image: image106.png]2co.

)l




. ……………..2p

The second degree trinomial in [image: image108.png]


 are [image: image110.png]Gy
N=cost '




-1[image: image112.png]


 cosα+cosβ+cosγ[image: image114.png]ol w
[



 ……………..1p

