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Festivalului Internaţional de Matematică şi Informatică
Concurs de matematică – proba individuală

SUBIECTE 
clasa a IX-a
1. Să se determine numărul elementelor mulţimii 
[image: image120.jpg]


, unde 
[image: image2.wmf]{
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 reprezintă partea fracţionară a numărului real x.

2. Fie P mulţimea numerelor naturale prime. Să se determine progresiile aritmetice de numere naturale 
[image: image3.wmf]123
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cu proprietatea că , dacă 
[image: image4.wmf]pP

Î

, atunci şi 
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3. Fie triunghiul ABC şi  punctele 
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 astfel  încât 
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. Arătaţi că triunghiurile ABC si MNP au acelaşi centru de greutate dacă şi numai dacă 
[image: image9.wmf]pq

=

.

4. Fie triunghiul ABC de laturi a=5, b=6, c=9 şi I punctul de intersecţie al bisectoarelor. Să se determine punctele 
[image: image10.wmf](
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 pentru care există 
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 si 
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, astfel încât I să fie centrul de greutate al triunghiului MNP.

Notă: 
1. Toate subiectele sunt obligatorii


2. Timp de lucru 3 ore.

Festivalului Internaţional de Matematică şi Informatică
Concurs de matematică – proba individuală

SUBIECTE 

clasa a IX-a

1. Determine the number of elements of the following set:  
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, where 
[image: image14.wmf]{
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 represents the fractional part of the real number x .

2. Let P be the set of the prime natural numbers. Determine all the arithmetic progressions of natural numbers 
[image: image15.wmf]123
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such that , if 
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, then 
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3. Consider the triangle ABC and the points 
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 such that 
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. Prove that the triangles  ABC and MNP have the same center of gravity if and only if 
[image: image21.wmf]pq
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.
4. Let ABC be the  triangle with sides  a=5, b=6, c=9 and I  the point of intersection of the bisectors. Find the points  
[image: image22.wmf](
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 for which there are 
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 and 
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, such that I is the center of gravity  of the triangle MNP.

Notă: 
1. Toate subiectele sunt obligatorii



2. Timp de lucru 3 ore.
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Problem number 1

Be it 
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. Then:
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Because 
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So 
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As 
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, it results that  
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Because 
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 is the difference of two fractional parts, it results that 
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So 
[image: image36.wmf]1212

0;;;;()5

3333

n

xcardA

ìü

Î--Þ=

íý

îþ







1p

Problem number 2
▪ If r=0, then the progression is p, p, p, ....... with p a prime number




1p
▪ If r=1, then obviously we obtain the progression 1,2,3, ....,n, ....
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We will show that these are the only progressions that meet the given requirements. 

Consider 
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 the given progression
▪ if 
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  we consider the arithmetic progression 
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 From the theorem of Dirichlet we obtain then there is k0 natural with the property that 
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and q a prime number. 


Then 
[image: image42.wmf](

)

(

)

111010

11

q

aaqraakrakr

=+-=+=+

 which follows it is not prime and the required property is contradicted. 
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Therefore 
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We will have the progression: 1,p,2p-1,3p-2,....,1+(n-1)(p-1), .... where p=a2 prime.

Therefore the ratio of the progression is p-1.







1p
If p=6k+5 then a3=2p-1=2(6k+5)-1=12k+9 and is not prime.
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If p=6k+1, we have a3=2p-1, a2p-1=1+2(p-1)2=q1 prime, 

             a5=4p-3 and we obtain that a4p-3=1+4(p-1)2=q2 prime
             a7=6p-5 and we obtain that a6p-5=1+6(p-1)2=q3 prime
..........................
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 prime, which is false for p>2

It remains that p=2 and therefore the progression is 1,2,3, ....n,....
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Problem number 3

If p=q, then 
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. We consider G as the center of gravity of
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 and  G’ the center of gravity of  
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. The following relations take place: 
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Reciprocally, if G=G’ then  
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Problem number 4
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If 
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I is the orthocenter of the triangle MNP if only 
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We infer that I is the center of gravity of the triangle  MNP only if:
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Because  r, q, k positive we infer that the points  
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, so that  I is the center of gravity of the triangle  MNP are those corresponding  to  
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Bareme

Problema 1

Fie 
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. Atunci:
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Deoarece 
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Deci 
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Cum 
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, rezultă că 
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Deoarece 
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 este diferenţa a două părţi fracţionare, rezultă că 
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Deci 
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Problema 2

▪ Daca r=0, atunci progresia este p, p, p, ....... cu p numar prim
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▪ Daca r=1, atunci evident se obtine progresia 1,2,3, ....,n, ....
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Vom arata ca acestea sunt singurele progresii care satisfac cerintele date.

Fie  
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 progresia data

▪ daca 
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  consideram progresia aritmetica
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 Din teorema lui Dirichlet se obtine  ca  exista k0 natural cu proprietatea ca 
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Atunci 
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 deci nu este prim si se contrazice proprietatea ceruta. Asadar 
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Vom avea progresia: 1,p,2p-1,3p-2,....,1+(n-1)(p-1), .... unde p=a2 prim.

Asadar ratia progresiei este p-1.

Daca p=6k+5 atunci a3=2p-1=2(6k+5)-1=12k+9 si nu este prim
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Daca p=6k+1, avem a3=2p-1, a2p-1=1+2(p-1)2=q1 prim, 

             a5=4p-3 si se obtine ca a4p-3=1+4(p-1)2=q2 prim

             a7=6p-5 si se obtine ca a6p-5=1+4(p-1)2=q3 prim

..........................
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 prim, ceea ce este fals pentru p>2

Ramane ca p=2 si astfel progresia este 1,2,3, ....n,....
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Problema 3

Daca p=q, atunci 
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. Notam cu G centrul de greutate al 
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 si cu G’ centrul de greutate al  
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. Au loc relatiile: 
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Din  
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Reciproc, daca G=G’ atunci  
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Problema 4 
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Daca 
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I este centrul de greutate al triunghiului MNP daca si numai daca 
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Deducem ca I este centrul de greutate al triunghiului MNP daca si numai daca:
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Deoarece r, q, k pozitive deducem ca punctele 
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, astfel incat I sa fie centrul de greutate al triunghiului MNP sunt cele corespunzatoare lui 
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