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PROBLEM I

Let £ 3 2 a given natural even number and the function f:; —
CIX+Cx* +..Cx<

f(x)=—5 2.2 Kk
C, +Cx"+...+C; X

n—oo

Calculate lim£f0f0...0f}(x) , Where xej .
\—ﬁf—J

n ori

SOLUTION:

N—

It can be seen that f(x) = (1+ x) - (1_ x)k and by solving you get
l+x)k +(1—x)k ’

(o)) = EH)M —(1=)

+x +(1—x)

K

................ 5 points.
o . 1+x) = (1-x)" —
Demonstrate by mathematical induction that | fo fo...of (x):( x)kn ( x)kn , ""x IR.
n ori +X +( —X)
................. 5 points.

1-x
1+x

e Forx>0,wehave

k w
<1 and such |im{(i;—x] } =0 and, it results that,
X

n—»o0

1_(1‘XJW
lim| fofo.of |()=lim—1FX0_—y 5 points.
n—eo| oo n—oco 1—Xj

n ori

I+ ——
1+x
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k"

o =-1. 2 points.

e For x=-1, lim| fo fo..of |(x)=lim
n—oo \_\K—J n—yo0

(1+x)""_1
<land lim| fofo..of |(x)=lim=*. _ __j.

1+x
e For x<0, x1 -1, we have | —— :
1-x noeo| LT n—oo 1+.Xk
n orl ( +1
1—x
................... 5 points.
e For x=0, f(0)=0 and lim| fo fo..o f [(0)=0.
n—oo \—w—J
Thus, lim| fofo..of [(x)=sgn(x), forany x FR. ... 3 points.
N—>o0 %/_/
(***)
PROBLEM II

Let matrices A B,CeM,(£), such that 4BC =1,. Prove that, if matrices

I, +A+AB,I,+B+BC,I +C+CA4 are invertible, then the sum of their inverses equals 7,.

SOLUTION:
(1,+4+A4B)" +(I,+B+BC)" +(I,+C+C4)" =
(1,+ A+ AB) " +(I,+ B+ BC) xA™xA+(I,+ C+CA) x(4B) x4B= ... 7 points.

(I,+4+AB)" +(4+AB+ABC) xA+(4B(I,+C+CA)) xaB= ... 7 points.
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(,+A+A4B)" +(A+4B+1)"vA+(4B+1,+4)vaB= 7 points.
(1,+4+4B)"(1,+4+4B)=1, . 4 point.
(***)
PROBLEM 11
Calculate: lim — 109, (22/5+2n 3ot A2 +1).
n_m(n!)ﬁ
Solution
. . . 2Tk k . Z 20K 3-2"+1
Using Bernoulli inequality we have 1<~/1+k <1+2—n:> 2" <Y A1tk < <2
k=1 ...10 points
! n n+1 .
=n<log ZA+k |<n+l=—— ‘log [ 2+ k]<—. ...... 5 points
(kz ] T T T
But because lim —— = lim 212 , it results that the limit of the series is e. ....10 points
r‘l—>oo\/__ n—oo \/_
PROBLEM IV

Determine the functions f: [0,3] = (0,1] which respect/follow the conditions:

F0-f(0) _

. lim > i

x—0 X

i f(3x)+3F(x)=4F3(x), vxe[0,1]
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SOLUTION

For x =0 = £(0) + 3£(0) = 47%(0) = F(0) € {-1,01} = F(0) =1 € (0,1]

We have lim o f(x) — £(0)) = limx_m@ -x* = 0=f continuous in xg = 0 .....2 points
Let g: [0,3] = [ﬂ,g),g(x] = arccos f(x), (V) x € [0,3] = g continuous in x, = 0 and

Flx) = cosg(x), (¥)x €[0,3]. ....2 points
Replacing in ii), we get:
cosg(3x) = 4cos? g(x) — 3cosg(x) = cos3g(x)

.....2 points

Because g(x) [03) = cos g(3x) = 0, it also results that cos3g(x) = 0 (1) .....2 points
Because g(x) € [03) 3g(x) € [ﬂﬂi) 2)

From (1) and (2) we get 3g(x) € [GE) , S0 the equation cos g{(3x) = cos3g(x) implies
9(3%) =3g(0), Mx € [0,1] = g(x) =39 (3),(W)x € [0,3]

By mathematical induction it results that g(x) = 3”3(:7)1(‘9% € [0,3] and (¥)n € N¥, it results that

glx) _ slzx) (¥)x €(0,3] si (¥)n € N* (3) .... 6 points

x —
s

B

i
E

]

Because g(0) = arccosf(0) = arccos1 = 0, we have:

_ _ 2800 (8)Y :
mw = liIII—'::':‘S‘gl‘(x3| ! =1li - ( iz ) = _E lim (@) ER

:41:1—}[:' x x—=0 xl x—I}IE':I (g(x}) 2x=0N\ X
2

I’-.'IN



S

S MINISTERUI
M EpucaTIED
NATIONALE

% INSPECTORATUL SCOLAR COLEGIUL NATIONAL DE INFORMATICA
% 7 JUDETEAN NEAMT T
e S\'

TelFax: 00 40 233 227 510; 227 529, 223 252
hitpiicninteduro e-mail: cni_pn@yahoo.com

ROMANIA

MULTIDISCIPLINARY PROSOFT@NT CONTEST
March 2018

.. 6 points

Let lim {:g ':“"}Jl = a € [0, =), We get;

e (£2)° mm(@) = a,(Mx € (0,315 g() = 0 =22 = & 5g(x) =ax,

(¥)x €(0,3]

Because 0 = g(x) < gj{b’}x e [0,3]

=0 Exﬁxﬁgj{b'}xtz [03]=0 E\Eﬁg ...3 points

and such, the functions that respect the hypothesis are f:[0,3] = (0,1], f(x) = cosmzx, where

£ [0, E}. .. 2points



