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BAREM- Clasa a X-a
proba de matematica individual
Problema 1
Fie o, >0, a,b >1 numere reale. Aritati ci g™/ . poeosthsine < plerh Win®atin®b
Barem:
qesinx+pcosx — elnaasmx"'ﬁcosx — e(a@sinx+pcosx)Ina
pacos x+fsinx _ e(a cosx+gsinx)lnp 7puncte
elasinx+Bcosx)Ina . e(a cosx+fsinx)Inb _— e (sinx Ina+cosxInb) , eﬁ(cosxlna+sinxlnb) <
< ea\/(sinz x +cos2x)(In2 a+In? b) , eﬁ\/(cos2 x +sin?x)(In* a+n?p) - 15 puncte
= e@/(n?atln?b) . pfy(n?atln?b)— p(a+pVIn?atm?sp 3 puncte.

Problema 2
Fie a,b,c€(0,0) cu a+b+c=1. Demonstrati ci

log, (a* +b° +c*)+log,(a’ +b* +c*)+log (@’ +b* +c*) <
alog (abc)+blog, (abc)+ clog (abc)

Barem

Cum a,b,c € (0,0),a + b + ¢ = 1 obtinem a, b, ¢ € (0,1) deci functiile logaritm sunt convexe si rezulta
conform inegalitdtii lui Jensen ca

loga(a? + b*+c?) < aloggza + blog,b + clog,c = a + blog,b + clog,c
Analog obtinem log, (a® + b*+c?) < b + alog,a + clog,c silog.(a? + b?+c?) < ¢ + alog.a + blog.b

Adunind se obtine log,(a? + b?+c?) + log, (a? + b?+c?) + log.(a? + b?>+c?) <a+ b + c + a(logya +
log.a) + b(log,b + log.b) + c(log,c + log,c)

........ 10 puncte
Putem presupune, fard a restrange generalitateaca 0 <a<b <c <1

Demonstram ca alog,a + blog,b < alog,b + blog,a < a(log,a — log,b) — b(log,a — log,b) < 0 &
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(a—b)(logia—1)
logpa

logy,a > 0,log,a > log,b © logia—1>0,a—b < 0)

< (a—b)(logya —log,b) <0 & < 0 care este adevarata (Cum 0 < a < b < ¢ < 1 obtinem

Analog demonstram clog,c + blog.b < clog.b + blogyc si alog.a + clog,c < alog,c + clog.a
........ 10 puncte

Atunci, log,(a? + b?+c?) + log, (a? + b?+c?) + log.(a? + b?+c?) < a(1 + logyb + log,c) + b(1 +
logya + log,c)+c(1 + log.a + log.b) de unde rezulta relatia ceruta.

.......... 5 puncte

Problema 3

) 2r .. 2¢@ - A
Fie € =cos—+isin—, unde n = 3 este un numar natural. Consideram in planul complex punctele
n n

ALA,,..,A si P deafixe £,2¢>,....ne" si 7 , cu |7 =1.

-\ 65 9n’
Stiind ca Re(%z) < 1 si PA+PA] +..+PA’ = %, s se arate ci n=6.
8_

Barem:

L PAC =R |z —kek|2 =30 (z — ke®)(Z — kE)=X1_,(|z|* — kze* — kzek + k?) =n —
zyn ke =z kek + w ............ 10 puncte
Fie S = YR ke
S—eS=¢e+e*+ -+ —ne"™t = —ne

ne
S
n 2 n(n+1)(2n+1) . & 2\ _ n_3 n_2 7 & -
k=1 PA" =n+ - 2nRe (s—lZ) =5+t 2Re (8_1 z) ........... 10 puncte

65

Se obtine (n — 6)? — -

— 6Re (ﬁz‘) = 0 si cum Re (;—lz') < —%rezulté ci (n — 6)? <0, deci n=6.

............. 5 puncte

Problema 4

Si se determine toate functiile f:{1,2,....,n} —{1,2,...,n} cu proprietatea |f(i)— f(j) 2|i — j| , pentru orice

i,j=1,n.
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Barem:

Demonstram ca functia este injectiva.
Pentru i,j = Ln,cu f(i)=f(j)= |f()-f(j)|=02|i— j|=i=j, prin urmare functia este injectiva.
Cum f:{1,2,..,n} >{1,2,...,n}, inseamni ci functia este bijectivd. ~ ....... 2 puncte.

Ardtam ci f(1)e{l,n}.

n

Daca f(I)=a,cu l<a<n,avem ﬁ\f(i)—f(l)|=H\i—a|:(a—l)!-(n—a)! (D)

i=1
i#a

lar ﬁ|i—1|=(n—1)! )

Pentru a#1 si a#n avem (a—1)t(n—a)!<(n-1)! (3)

Din (1), (2), (3), se obtine ]i[\ f)—-fQ)< li[\i —1|, ceea ce contrazice ipoteza. ....... 10 puncte
Daci f(1)=1 :

|fm)—f)2n—-1 f(n)=n.

lf(n-D)-fO)2n-2 f(n—-1)=n-1

Se demonstreaza prin inductie ¢a f(k)=k, Yk=1ln. ... 7 puncte
Daci f()=n:

|fm) = f)2n—-1e|f(n)—n|2|1-n & f()=1.

Analog, f(n—-1)=2,..., fQ)=n—-1. . 6 puncte

Asadar, functiile cautate sunt f,(i)=i, Vi= Ln sif,(i)=n+1-i, Vi= Ln.



