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BAREM DE CORECTARE SI NOTARE
Proba de matematica — individual
clasa a Xl-a

Subiectul 1
Fie Ae M _(R)cu proprietatea ci existd k e N” astfel incat A** =1 . Aritati ci:

a) det(A+1,)>0
b) A+I1,=0,, pentru n impar
c) det(AP+1,)=0, VpeZ.

* * %
Solutie:
Q) A% =1 =det A*" =detl = detA=1
.............................................................................................................................................................. 5 puncte
det(A+1,)=det( A+ A**)=det A-det(l, + A*)=det (I, +A™ )=
2N 2
det] (A +i-1,) (A —i-1,) | =det( A +i-1,)-det( A +i-1,)=|det( A +i-1,)[ =0
.............................................................................................................................................................. 5 puncte
b) presupunand cda A+1, =0, = A=—-1, = det A=(-1)" =—1(fals)
.............................................................................................................................................................. 5 puncte
c) det A=1=Ainversabila si deci are sens A?, peZ.

Daci p=2m, MeZ=> det(A’ +1,)=det(A™ +1,) =|det(A" +i-1,)| >0
.............................................................................................................................................................. 5 puncte
Daci p=2m+1, meZ,atunci AP = A?™! = AZ™. ] = AP AT - a2k g

det(A” +1,) = det(AX™D 1 1) =|det(A™** +i-1,)[ 20.
.............................................................................................................................................................. 5 puncte

Subiectul 2

Fie A BeM,(C) astfel ca (A+1,)(B-1,)=0, si (B+1,)(A-1,)=0,.

Demonstrati ¢i functia f :C— C, f(z)=det ((1— Z)A+ ZB) este constanta.

Mihai Opincariu, Brad

Solutie:

Relatiile date pot fi scrise AB=A-B+1,,(1), respectiv BA=B-A+1_, (2).
.............................................................................................................................................................. 5 puncte

Din (1) obtinem ABA=A’-BA+A si din (2) obtinem ABA=AB-A’+A, deci
A’ —BA=AB- A’ sau 2A’ = AB+BA. Adunand relatiile (1) si (2), se obtine AB+BA=21_, deci A* =1,
si prin simetrie, B> =1, .
10 puncte
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Pentru z e C arbitrar, observim cé((l— z) A+ zB)2 =(1- z)2 A’ +2°B” +2(1-2)(AB+BA)=

=(1-2)*1,+ 2%, +2(1-2)21, =1, deci (f(z))’ =detl, =1.
.............................................................................................................................................................. 5 puncte
Rezulta ca f (z) € {—1,1} pentru orice ze C. Deoarece f este functie polinomiala in z, care nu are

radacini in C, deducem ca este constanta.

.............................................................................................................................................................. 5 puncte
Subiectul 3
1
. i |0y
Calculati: Ilm( I1i ‘} :
N\ 1<i<j<n
Solutie
Ini (ninny’ . . 1
Notam x, =| [T i"™ , VneN . Rezultd Inx, = == >, (Ini)(In j)
1<i<j<n (nInn)” 15
.............................................................................................................................................................. 2 puncte
Din identitatea (In1+In2+...+Inn)° =>"(Ink)*+2- > (Ini)(In j) rezulta ca
k=1 1<i<j<n
 (Ink)?
In1+In2+..+InnY’ kz:;‘( ) 2 . o C
= —+ >+ > (Ini)(In j), iar de aici obtinem
ninn (nInn)”  (nlnn)" w5
 (Ink)?
In1+In2+..+InnY’ kZ:;‘( )
21n n = - 2 (1)
ninn (ninn)
.............................................................................................................................................................. 8 puncte
Aplicand teorema Stolz-Cesaro, avem: i Inl+|n2+...+|nn: im In(n-+1) =
n—a ninn oo (n+1)In(n+1)—ninn
= ing 1;n(r|]+1]) neD) R — oyt
e n[In(n+1) —Inn]+In(n+1) n>= N
In(1+1 +In(n+1) ! -In 1+1) +1
n In(n+1) n
.............................................................................................................................................................. 5 puncte
> (Ink )’
. Z‘( ) . IN®(n+1) . In*(n+1)
si lim=——H-=Iim 2 12 - =lim 2|2 2 2 -
= (ninn)® e (04D IN°(0+)-n?In*n - "> n?[In®(n+1) - In* n ]+ (2n+1) In°(n+1)

: In*(n+1) . In*(n+1)

lim—; 5 =lim

>=n?[In(n+1)—Inn][In(n+1)+Inn]+(2n+1)In*(n+1) n>= 2 In(1+1)-In(n2+n)+n(2+1)In2(n+1)
n n
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In?(n+1)
lim . N 90 (3)
n—oo 1 9 1 9 o0
In(1+j ‘In(n“+n)+(2+>)In“(n+1)
n n

.............................................................................................................................................................. 5 puncte

Folosind relatiile (1), (2) si (3) obtinem limInx, = %, deci limx, = Je.
.............................................................................................................................................................. 5 puncte
Subiectul 4

Sa se determine functiile continue f :R — R cu proprietatea ca
f(x—y)+ f(x+y)=2-(f()+f(y)), vxyeR.

Solutie:

Pentru x=y=0=2f(0)=41(0), deci f(0)=0.

Pentru x=0= f(-y)+ f(y)=2f(y) = f(-y)=T(y), VyeR= f este functie para
.............................................................................................................................................................. 5 puncte

Aritim prin inductie ci f(n-x)=n’-f(x), VneN’, VvxeR

Pentru n=1egalitatea este adevarata.

Presupunem ca f (kx) =k*f (x) pentru k €{1,2,3,...,n}.

Avem f(x-n—x)+f(x-n+x)=2-(f(n-x)+ f(x)), deci

f(N+1)X) = 2n2F (X) +2F (X) = (=12 (X) = (N +1)? f (X)
.............................................................................................................................................................. 5 puncte
. . , 1y ., (1 1 1
Fie f() =a. Atunci f(n)=a-n"si a="f(1)= f(n-—j:n -f(—j: f(—j:a-—z
n n n n
.............................................................................................................................................................. 5 puncte
. m . . 1 , (1) m? )
FiereQ, r>0, r=F, mneN. Atunci f(r)=f|m-=|=m"-f| = |=—-a=r"-a
n n) n

si din continuitatea functiei f obtinem f(x)=a-x*, Vvxe(0,).
Cum f este functie pari, obtinem f(x)=a-x*>, V¥xeR,unde acR.
............................................................................................................................................................. 10 puncte



